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Atomistic simulations of thermal desorption spectra for effusion from bulk materials to characterize binding or trapping sites are a challenging task as large system sizes as well as extended time scales are required. Here, we introduce an approach where we combine kinetic Monte Carlo with an analytic approximation of the superbasins within the framework of absorbing Markov chains. We apply our approach to the effusion of hydrogen from BCC iron, where the diffusion within bulk grains is coarse grained using absorbing Markov chains, which provide an exact solution of the dynamics within a superbasin. Our analytic approximation to the superbasin is transferable with respect to grain size and elliptical shapes and can be applied in simulations with constant temperature as well as constant heating rate. The resulting thermal desorption spectra are in close agreement with direct kinetic Monte Carlo simulations, but the calculations are computationally much more efficient. Our approach is thus applicable to much larger system sizes and provides a first step towards an atomistic understanding of the influence of structural features on the position and shape of peaks in thermal desorption spectra.
This article is part of the themed issue 'The challenges of hydrogen and metals'.
Introduction
Thermal desorption spectroscopy (TDS) is commonly used to determine the binding of interstitial species in bulk materials. A prime example is the application of TDS to hydrogen in iron-based alloys [1] [2] [3] [4] , where the accumulation of hydrogen at point and extended defects, such as vacancies, grain boundaries or dislocations, can dramatically degrade the mechanical properties,
Methods and model system (a) Kinetic Monte Carlo
Within KMC simulations, the dynamical evolution of an atomistic system is given by a stochastic trajectory where the system moves from one state to the next by particular atomistic processes. The system states are local energy minima in configuration space and each process connecting two states is assigned a transition probability or rate constant. Assuming that the system equilibrates within each local minimum the transition probabilities only depend on the current system state and the trajectory correspondingly forms a Markov chain. For interstitial diffusion of hydrogen within iron, we use a lattice model to map a particular atomistic configuration onto the state space, i.e. we consider a network of interstitial sites. As processes we consider hops of hydrogen atoms between these interstitial sites. Within harmonic transition state theory [18] , the rate constant r i for a process i is given by with the frequency factor ν i,0 , the temperature T, the Boltzmann constant k B and the energy barrier of the process E i . The frequency factor can be calculated from the vibrational frequencies in the initial and transition state along the reaction coordinate. For lattice models, the number of different possible processes is usually small and the corresponding energy barriers can be determined with high accuracy using state-of-the-art electronic structure calculations. For interstitial hydrogen diffusion in iron, these barriers will strongly depend on the local atomistic structure, i.e. we need to consider barriers for bulk diffusion as well as for diffusion in and around various defect regions. At each step within the KMC simulation, the rate constants of all possible processes within the current system state are calculated according to equation (2.1) and a process p is chosen randomly but weighted by the rate constants
where r tot = i r i is the sum over the rate constants of the possible processes and ρ 1 ∈ [0, 1] is a uniform random number. The corresponding time step t is given by [19] 
where ρ 2 is a second uniform random number. As in TDS the temperature continuously changes with a constant heating rate β, also in the KMC simulations the temperature and the corresponding rate constants need to be updated after each KMC step. The thermal desorption spectrum is recorded from all atoms that leave the surface of the model system during a simulation. As the time step depends on the temperature through the rate constants and the temperature changes with time, the time scale within the simulations must be comparable to experimental time scales to obtain meaningful results. Care must be taken if the starting temperature of the KMC simulation is too low as this would result in artificially large time steps and correspondingly large jumps in the temperature, and thus many processes that should have already occurred at lower T would be skipped. At a low temperature T 1 , the time step t(T 1 ) might become even larger than the combined time step at a slightly higher temperature with T 2 = T 1 + β t 0 , where t 0 is a small time step, i.e. t(T 1 ) > t 0 + t(T 2 ). It is thus necessary either to carefully choose a suitable starting temperature, which is only possible if the process rates are homogeneous, or to limit the time step and only perform a KMC step if
Otherwise, the time is increased by t 0 , the temperature is updated accordingly and new process rates are calculated. To a first approximation, we can only consider the first term on the right-hand side of the inequality in equation (2.4) and check if t(T 1 ) < t 0 . Furthermore, atomistic processes with very different energy barriers will lead to a separation of time scales within the KMC simulations, where processes with small barriers and correspondingly large rate constants dominate the dynamics and might significantly reduce the efficiency of the simulation. For instance, the diffusion barrier of hydrogen in bulk BCC iron is E ≈ 0.1 eV, whereas diffusion barriers in grain boundary regions and trapping energies are much larger. For large system sizes, an explicit evaluation of diffusion events within homogeneous bulk regions would become the computational bottleneck. We therefore use another coarse-graining step where the dynamics between a certain set of states is combined into a so-called superbasin.
(b) Absorbing Markov chains
A superbasin encompasses the high-frequency and low-impact dynamics between system states connected by low energy barriers. If it is initially unknown which system states form a superbasin, the corresponding states can be identified by monitoring the frequency of transitions between them and grouping states that show high transition frequencies into a superbasin. In most lattice KMC models, where all system states and processes are known, a superbasin can be directly constructed from states connected by low barriers and separated by larger barriers from other system states [20] . For our lattice model of hydrogen diffusion in iron, we can combine all bulk interstitial sites within a grain into a superbasin. From the rate constants of all processes inside the superbasin, the escape probability from the superbasin states can be determined using AMCs [16, 17] , providing an exact solution for the dynamics between these states. States within the superbasin are called transient states, and states connected to the superbasin are called absorbing states. The transient states in our example are all configurations with hydrogen in an interstitial site inside a grain, whereas the absorbing states constitute configurations with hydrogen in the grain boundary. The dynamics of a system with n transient and m absorbing states can be formulated in an (n + m × n + m) matrix. In this transition matrix, an element in row i and column j represents the transition probability between states i and j. When ordered by absorbing and transient states, the transition or Markov matrix M has the following form: 5) where I is the identity matrix, 0 the zero matrix, T the transition matrix between transient states and R the transition matrix between transient and absorbing states. The transition probabilities are dependent on the rates of the processes from each state. In homogeneous superbasins, where all barriers of processes originating in transient states are the same, the probabilities for all transient processes are equal and independent of the barrier or temperature and are given by the inverse of the number of processes. The evolution of the system after k steps can be calculated by multiplying the Markov matrix M k-times with itself. The probability of reaching absorbing states from transient states after k steps is
After an infinite number of steps the system will inevitably reach an absorbing state. The transition matrix R ∞ is given by
with the fundamental matrix N. The number of expected steps before entering an absorbing state when starting in transient state i is then given by the ith entry of the vector t = Ne, (2.8) where in vector e every entry is 1. The probability of ending in each of the absorbing states is further given by the entries of the vector
with the initial distribution of states p T 0 . Connecting the superbasins approach with the KMC model is achieved by substituting all transitions between all states inside the superbasin (i.e. diffusion processes between interstitial sites inside bulk grains) by a numerical evaluation of the superbasin and adding the rate of exiting the superbasin to the rate constant list of possible processes. The rate to exit a homogeneous superbasin is calculated by dividing the rate of an internal process by the average step number to exit the system. For each KMC step, a hydrogen atom sitting inside a grain will then not simply diffuse to a neighbouring interstitial site, but directly move to a grain boundary site. The absorbing state, i.e. the particular grain boundary site that the hydrogen moves to, is determined by randomly choosing one of the n absorbing states with the probability given in equation (2.9). In the application to TDS simulations limiting the maximum temperature change for a KMC step is even more important when using superbasins. The risk of skipping processes is higher with superbasins, since superbasin steps account for multiple KMC steps. For the system presented in the current study, a sufficiently limiting time step t 0 for superbasins was found to β t 0 ≤ 1 K, where β is the heating rate.
For large systems the AMC approach also becomes computationally demanding as the calculation of the fundamental matrix N requires a matrix inversion.
(c) Analytical model for superbasin escape times
To overcome the size limitation of the AMC approach and avoid the inversion of large matrices, we introduce analytical expressions for the escape time t i and specific absorbing state π j . Ideally, the analytical expressions are independent of the superbasin size and can approximate the numerical values with high accuracy. We directly fit data from AMC calculations for the average number of steps to exit the superbasin (equation (2.8)) and for the probabilities of the absorbing states (equation (2.9)) for specific classes of superbasins. For interstitial diffusion in spherical grains the most suitable variables in the analytical expressions are the shortest distance between the current interstitial site and an interstitial site in the grain boundary (absorbing state) x min , and the ratio between interstitial sites in the grain and grain boundary, which for a single hydrogen atom is equivalent to the ratio between transient and absorbing states r t/a . The minimum distance x min has a strong influence on the average diffusion path length, while the ratio r t/a reflects the size of the superbasin (respectively, grain). The probability of reaching an absorbing state j from a transient state i is further dependent on the distance d ij between the corresponding interstitial sites. Both r t/a and d ij can be directly determined for each lattice model.
The average number of steps t i is approximated by a logarithmic function as a function of the minimum distance x min and the ratio r t/a , where r t/a is used to linearly scale the fitting parameters a 1 , b 1 and c 1
with additional fitting parameters a 0 , b 0 and c 0 . We obtain the fitting parameters in two steps: first t i is calculated for superbasins of various sizes and fitted using A + B ln(Cx min ). In a second step each constant A, B and C is fitted separately with a linear function F = f 0 + f 1 r t/a to determine the six fitting parameters in equation (2.10). The probability of moving to a particular absorbing state j decreases with d ij , eventually approaching zero for large distances. We use the function
where the fitting parameters A, B and C furthermore depend on the minimum distance x min with
and the fitting parameters a n , b n and c n . Again we use a two-step procedure where we first use equation (2.11) to fit rate data into a particular absorbing state for all transient states in the superbasin. The resulting parameters A, B and C are subsequently fitted with the functions in equation (2.12). These analytic functions are then used in connection with the KMC algorithm in the same manner as the AMC. The evaluation of the analytic expressions is simple and extremely fast and makes it possible to extend the KMC approach to large system sizes. 
Effusion from grains (a) Determining fitting parameters
As a model system to fit the analytical functions in equations (2.10) and (2.11), we use spherical grains of BCC iron. Within these grains, hydrogen diffuses between tetrahedral interstitial sites. The diffusion barriers within the grain and grain boundary are set to 0.1 and 0.3 eV, respectively [13] . For spherical grains with diameters of 1.44, 1.73, 2.02, 2.30 and 2.59 nm (having 525, 922, 1419, 2136 and 3061 tetrahedral interstitial sites, respectively) the average number of steps t i and the probability of moving to a particular absorbing state π j were calculated for each site in the grains using equations (2.8) and (2.9). In figure 1a , the AMC data for the average step number as a function of the minimum distance x min are shown together with the corresponding logarithmic fit for a grain size of 2.3 nm. For all five grain sizes, the coefficients of determination R 2 for the fits to average time step data are well above 0.96, and for most cases are around 0.975. The fitted values of A, B and C for the five grain sizes as a function of r t/a are shown in figure 1b-d together with the linear fits to obtain the six fitting parameters. The fits of the parameter functions A, B and C are also relatively good with R 2 = 0.98, 0.92 and 0.96, respectively.
To fit the parameters for π j , the AMC data for different grain sizes and different initial positions need to be sorted by their minimum distance x min . In figure 2 , the corresponding data are shown as a function of d ij for x min = 0.173 nm and a grain size of 2.3 nm. The fits to the absorption site probabilities are relatively good with R 2 > 0.9 for minimum distances below 0.65 nm. For x min < 0.9 nm, the fits still have R 2 values larger than 0.8, but they become worse for starting positions further away from the grain boundaries. This is due to the fact that for positions close to the centre 
(b) Effusion from spherical grains
To test the validity and efficiency of our approach, we compare hydrogen effusion times from spherical BCC iron grains obtained from direct KMC simulations, KMC with AMC and KMC with fitted analytical superbasins (FASs) as described above. The simulations are performed at a constant temperature of T = 40 K for a grain with a diameter of 2.02 nm. The hydrogen atom is placed at 20 different, randomly chosen initial positions and for each position 10 000 simulation runs are evaluated.
In figure 3a , the effusion times are shown as a function of the minimum distance from an absorbing site in the grain boundary for the three different methods. The results obtained using the different approaches agree very nicely within our numerical accuracy. As the AMCs provide an exact solution for the escape from superbasin states the close agreement between the results from direct KMC and KMC with AMC simulations is expected. The good agreement with the results from the combined FAS/KMC simulations illustrates the validity of fitting the key quantities in the AMC, t i and π j , with the analytic functions in equations (2.10) and (2.11). In this particular case, the AMC approach is actually computationally more expensive than the direct KMC simulations. This is due to the fact that there is no large barrier for the escape from the superbasin states, i.e. the system is not trapped in these states, and the effusion can also readily happen in the KMC simulations. The time-consuming part of the AMC algorithm is the inversion of the fundamental matrix. The description via superbasins is nevertheless useful as it constitutes the basis for our FAS approach. Already for this small system size simulations using FASs in combination with KMC are faster than direct KMC simulations. For larger systems, the speed-up is expected to dramatically increase. To be able to apply the FAS approach to larger systems, the fitted parameters must be transferable to arbitrary grain sizes. We have tested the transferability by using the FAS for a 3.46 nm grain with parameters that have been fitted to grains with diameters of 1.44-2.59 nm. The corresponding results for the effusion times from direct KMC and FAS/KMC simulations are shown in figure 3b. Again the agreement is very good and shows that the applicability of the FASs can be extended to larger system sizes. For the larger grain, the simulation times were reduced by 10% with the FAS/KMC method compared with direct KMC.
In addition to the effusion times, we also test the distribution of absorbing sites as a function of distance d ij . The number of hydrogen atoms that effused to absorption sites with a particular distance from the hydrogen starting position is shown in figure 4 for direct KMC and FAS/KMC simulations. Again we find a very good agreement between the two approaches, demonstrating that the dynamics of hydrogen diffusion within the bulk region is well reproduced by the FASs.
(c) Effusion times for non-spherical grains
We have furthermore applied the FAS approach to study the effusion of hydrogen from nonspherical grains. Without refitting the parameters in figure 5 . It can be seen that the effusion times as a function of the minimum distance from the absorbing site do not exhibit a strong dependence on the distortion from a perfect sphere. The small difference in the effusion times between the two ellipsoids observed in the KMC simulations is, however, well reproduced by the FAS/KMC simulations. The FASs are thus flexible enough to also allow the application to non-spherical grains.
To test the extent of the transferability of our FAS approach we have also performed simulations for cuboidal grains. These grains pose a special challenge as the distribution of distances to absorbing sites is more complex and less smooth than for elliptical shapes. Results from KMC simulations do not show a significant enough correlation between effusion times and the minimum distance and scatter strongly. The scattering of data for non-cubic cuboidal grains is even larger than for cubic grains. If a description of grain shapes is required that is neither spherical nor elliptical additional functional forms have to be derived for t i and π j and correspondingly fitted.
(d) Influence of the heating rate
Our initial tests to validate the FASs have been performed at constant temperature. For TDS simulations, we need, however, a constant heating rate, i.e. a linear change of the temperature with time, and thus a change in the process rates during the simulation. As discussed above, it is crucial to limit the temperature change per step in order not to overshoot and compromise the temperature-dependent time evolution of the system. This is even more important for superbasin methods where several KMC steps are coarse grained into a single superbasin step. The fitting parameters of the FAS are, however, independent of the heating rate. The effusion time of hydrogen from the grain is now associated with a particular temperature during the simulation. In figure 6 , hydrogen effusion temperatures are shown from direct KMC and FAS/KMC simulations for a spherical grain of size 2.02 nm with three different heating rates β = 0.5, 1.0 and 2.0 K s −1 . The effusion of a single hydrogen atom from the grain starting at 20 randomly chosen sites has been simulated. For each starting position, 10 000 effusion simulations have been conducted to calculate the average temperature of effusion from that position.
The heating rate has a significant influence on the effusion temperatures. As β increases a shift to higher effusion temperatures is observed, which is expected as also in TDS the peak temperature shifts to higher values for larger heating rates. Again the results from the direct KMC and the combined FAS/KMC simulations are in excellent agreement. We can thus conclude that our FAS approach works equally well for simulations both with constant temperature and with constant heating rate, and is suitable for the simulation of thermal desorption spectra.
Thermal desorption spectra for a multi-grain structure
We now apply the combined FAS/KMC approach to the simulation of thermal desorption spectra for hydrogen effusion from a multi-grain structure and compare the results with direct KMC simulations. Our model structure, shown in figure 7a, grains of varying sizes in a simulation cell of size 4.32 × 4.32 × 5.76 nm. We use periodic boundary conditions in the x-and y-directions, while the top in the z-direction is the surface and the bottom a reflective boundary. For simplicity, we only consider tetrahedral interstitial sites and all sites that are not inside a grain are grain boundary sites. The diffusion barrier between interstitial sites in the bulk as well as from the grain into a grain boundary site is 0.1 eV, whereas the diffusion barrier between grain boundary sites, respectively, from the grain boundary into the bulk is set to 0.3 eV. We have chosen this rather small trapping energy for the grain boundary region to ensure that bulk diffusion is significant, as grain boundary diffusion is treated equivalently in both the direct KMC and combined FAS/KMC simulations. The barrier for hydrogen desorption from a surface site is almost zero, i.e. hydrogen instantly leaves the sample when it reaches the surface. The simulations are conducted with heating rates of β = 0.5, 1, 2, 3 and 4 K s −1 with a starting temperature of 30 K. To sample the thermal desorption spectra, we perform 10 000 simulations with one hydrogen atom placed initially at the bottom of the simulation cell. The numerical data of the desorption events are smoothed using a kernel density estimation with a normal kernel and the spectra are normalized to one hydrogen atom. The resulting thermal desorption spectra obtained using direct KMC (solid lines) and FAS/KMC (dashed lines) simulations are shown in figure 7b. Both the peak position and shape are in excellent agreement for the two approaches. The FAS/KMC simulations correctly reproduce the shift of the TDS peak to higher temperatures with increasing heating rate. The difference in the spectra from the direct KMC and FAS/KMC simulations is negligible. Using the FAS/KMC approach for this small model system, the simulation time was reduced by about 60% when compared with direct KMC simulations. For larger systems and larger grain sizes, the speedup is expected to be even higher, resulting in a significant reduction in the computational cost and enabling the simulation of thermal desorption spectra for more realistic microstructures.
Conclusion
By combining conventional KMC simulations with an analytic approximation of superbasins in the AMC approach, we have introduced a method that allows for a computationally efficient evaluation of atomistic processes in systems with large, homogeneous areas. This is of particular interest for the simulation of thermal desorption spectra for bulk systems, where large system sizes as well as extended time scales are required, and diffusion through bulk regions strongly influences the peak position and shape. For the effusion of hydrogen from BCC iron, we show that diffusion within grains can efficiently be coarse grained and that the analytic expressions are robust with respect to grain size and shape as well as temperature gradients in the simulation. Using the combined FAS/KMC approach, we could accurately determine the thermal desorption spectra of hydrogen for a model microstructure consisting of several grains with various shapes and sizes. Our method forms the basis for the simulation of diffusion-controlled TDS with atomistic resolution and can provide valuable insight into the contribution of different structural features to a change in the position and shape of TDS peaks, and thus aids the analysis and interpretation of experimental data.
